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Reduction of Feasible Parameter Space of the Inverted Soil
Hydraulic Parameter Sets for Kosugi Model
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Abstract: Effective soil hydraulic parameters of soil vegetation atmo-
sphere transfer (SVAT) models can be derived in a cost-efficient way by
inverse modeling. Nevertheless, a serious drawback of SVAT models
based on Richards' equation is that they require as many as five unex-
ploited correlated hydraulic parameters. To reduce the feasible parame-
ter space, we propose a method to prevent nonphysical combinations
of soil hydraulic parameter sets obtained by optimization. We adopt
the soil hydraulic analytical model by Kosugi because it enables the
feasible parameter space to be reduced by predicting parameter o from
R, which are the variance and mean of the log-transformed soil pore ra-
dius, respectively. To further decrease the parameter space, we derive
two models to predict saturated hydraulic conductivity, K, from three
or four Kosugi soil water retention parameters, respectively. These two
models are based on the combination of the Hagen-Poiseuille and Darcy
equations that use three semiempirical parameters (7, 7, and 73) cali-
brated on large UNSODA and HYPRES databases. Our derived models
are compared with a version of the Mishra and Parker (1990. Ground
Water. 28:775-777) K model being modified to account for the pa-
rameters of Kosugi’s relationships. The results show that the uncertain-
ties of the developed K model are comparable to the uncertainties of
K, measurements. Moreover, the developed K model outperforms the
Mishra and Parker model. Therefore, the developed method will enable
one to substantially reduce the feasible range of the inverted Kosugi’s
hydraulic parameters.
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An attractive cost-efficient alternative to derive the effective
soil hydraulic parameters of hydrological models using
Richards’ equation for layered soil profiles (e.g., Sonnleitner
et al., 2003; Mohanty and Zhu, 2007; Wollschliger et al., 2009)
is by numerical inversion of space-time series data, for example,
volumetric soil water content and/or actual evapotranspiration
(e.g., Romano, 1993; Romano and Santini, 1999; Pollacco,
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2005; Das and Mohanty, 2006; Das et al., 2008; Ines and
Mohanty, 2008a, 2008b, 2008c¢; Pollacco et al., 2008; Pollacco
and Mohanty, 2012; Shin et al., 2012) or from water infiltra-
tion experiments (e.g., Lassabatere et al., 2006, 2009, 2010;
Cannavo et al., 2010; Yilmaz et al., 2010, 2013; Nasta et al.,
2012). Nevertheless, one of the drawbacks of using Richards’
equation is that analytical, generally unimodal, expressions are
required to describe the soil water retention, 6(%), and hydrau-
lic conductivity, K(6), functions (e.g., Brooks and Corey,
1964; van Genuchten, 1980; Kosugi, 1994). These functions
are identified by as many as five fitting hydraulic parameters
for each layer of the considered soil profile. Moreover, the fea-
sible range of the effective parameters has to be set within its
full feasible range because, in most cases, there is no avail-
ability of additional basic soil information that helps to better
constrain the parameter space (Scharnagl et al., 2011). There-
fore, the inverted hydraulic parameters produce inevitably non-
unique solutions (Pollacco et al., 2008; Pollacco and Mohanty,
2012). In addition, the boundary and initial conditions are often
not well defined, and the observed data are also affected by rel-
atively large measurement errors (Vrugt et al., 2008). To obtain
a unique set of solutions when the hydraulic parameters of
soil vegetation atmosphere transfer (SVAT)-type models are
inverted from observed root-zone soil moisture data, Pollacco
et al. (2008) showed that soil water content, 6, data are required,
ranging from very dry to very wet soil conditions. If this condi-
tion is not met, then the inversion is prone to yield nonunique
hydraulic parameter sets (e.g., Kabat et al., 1997; Abbaspour
et al., 1999; Jhorar et al., 2002; Binley and Beven, 2003; Ritter
et al., 2003; Minasny and Field, 2005; Beydoun and Lehmann,
2006; Pollacco et al., 2008). Consequently, high uncertainties in
the forwarded water fluxes occur (Pollacco and Mohanty, 2012).
Thus, it is important to propose new approaches to reduce the
nonuniqueness of the inverted hydraulic parameter sets.

A crucial part of the success of an inverse modeling pro-
cess is to tighten the feasible parametric range such that an
adequate minimum and maximum range for each individual pa-
rameter is provided. This can be performed by taking into con-
sideration that the value of the saturated hydraulic conductivity,
K, (L T, is highly dependent on the values of the other pa-
rameters describing the soil water retention 6(h) function. The
proposed method would thus enable to reject all those nonbehav-
ioral parameter sets generated by the optimization algorithm,
which do not satisfy soil physically based relations. It is expected
that running only those sequences that satisfy this condition
would certainly concentrate the optimization search and therefore
decrease the uncertainty of the inverted effective parameters.

Several efforts can be found in the literature for estimating
K from parameters describing 6(h). For instance, Guarracino
(2007) and Mishra and Parker (1990) derived models of K| for
van Genuchten’s #() based on some of the assumptions of
Childs and Collis-George (1950) who considered that the soil
pore network is made up of a bundle of capillary tubes of dif-
ferent sizes and that the water flow rate can be computed by
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Hagen-Poiseuille’s equation combined with the Darcy law.
Guarracino (2007) derived a relation between K and van
Genuchten’s shape parameter, «, assuming that the soil porosity
is represented by an equivalent bundle of parallel capillary tubes
with a distribution of pore sizes following a fractal law (Tyler
and Wheatcraft, 1990; Yu et al., 2003). Mishra and Parker
(1990) developed a simple closed-form expression of K by us-
ing the model by Mualem (1976) coupled to the capillary water
retention function of van Genuchten (1980). An additional ex-
ample of a K; model is that of Han et al. (2008) based on the in-
flection point of 6(h) curve. It is interesting to note that both
models proposed by Guarracino (2007) and Mishra and Parker
(1990) are similar, although they were developed from different
principles.

In this study, we develop a novel model to predict K (here-
inafter referred as the developed K gey model) from knowledge
of the four parameters featured in Kosugi’s water retention func-
tion, namely, 6, 6, hy,, and o (Kosugi, 1994, 1996). We se-
lected Kosugi’s 6() and K(6) lognormal functions partly
because Hayashi et al. (2006) found a correlation between the
variance (0) of the log-transformed soil pore radius and the
mean log-transformed soil pore radius (R,,) for forest soils, thus
enabling to further reduce the feasible parameter space. A pecu-
liarity of Kosugi’s model is that its parameters possess physical
meanings and have a close link to the soil pore-size distribution.
The K_gey model is based on the approach of Childs and Collis-
George (1950), except that the soil water flux goes through a
pore network having the hypothetical pore-size distribution
of Kosugi (1996). We combined the Hagen-Poiseuille equation
with Darcy law and incorporated three tortuosity parameters.
The first two parameters are those of Fatt and Dykstra (1951),
whereas the third one is derived according to Vervoort and Cattle
(2003) to account for higher porosity media that tend to be more
connected than lower porosity media. We compare K 4., With
the Mishra and Parker (1990) (K misn) model but adapted it so
as it can account for the Kosugi model.

Moreover, we later present a simplified K ey (Ks_dev_o) bY
exploiting the correlation between o and R,, (Hayashi et al.,
2006). Thus, K 4y » Will be computed from three parameters
only, which are 6,, 6, and &,,. The predicted values are com-
pared with experimental data from the UNSODA (e.g., Leij
et al., 1999; Schaap and van Genuchten, 2006) and the
HYPRES (e.g., Wosten et al., 1998, 1999; Lilly et al., 2008)
large databases. We selected soil samples that contain data on
0(h), K(6), K, and 6 (or porosity).

In summary, the article is organized as follows:

1) To develop a new saturated hydraulic conductivity model
based on the Kosugi (1996) model (K gev);

2) To use the Kosugi (1996) analytical relationship in the
Mishra and Parker (1990) K model (K misn);

3) To propose a K model that makes use of only three
parameters of the Kosugi analytical relations (K gev );

4) To select data sets from UNSODA and HYPRES according
to set criteria;

5) To optimize the Kosugi hydraulic parameters simultaneously
from available 6(h) and K(6) data sets;

6) To determine the uncertainty bands of the model predictions.

THEORY
Kosugi Model

Kosugi (1996) developed a physically based lognormal
function p(R) = d@/dR (L") for describing the distribution of
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pore sizes (R). Specifically, the lognormal probability density
function of pore radius can be written as follows:

do 0, — 0, exp{— (lanan)} M

- 2 02

dR Ro V2 7

where 6, and 6, (L> L) are the residual and saturated water
contents, respectively, such that 6. < 6§ < 6,; In(R,,) and o are
the mean and variance of the log-transformed soil pore radius,
In(R), respectively.

Let S, denote the effective saturation, such that 0 £ S, < 1.
Therefore p(R) -dR represents the contribution of the filled pores
of radius R — (R + dR) to the effective saturation. Integrating
Eq.(1) from O to R yields the water retention curve, which is a
function of R:

SJ(R) = %erfc [ln R(,),,_ ?/Eln R} (2)
or R
B ey oy &
where
6-0,
Se = 0S70r (3)

In Eq.(2), erfc denotes the complementary error function.

The well-known Young-Laplace capillary equation enables
the soil pores radius, R, to be uniquely related to the equivalent
matric suction head, 4 (cm), at which the pore is filled or
drained (i.e., R = Y/h, with Y = 0.149 cmz). The Kosugi water
retention function has the following analytical expression for S,:

1 In h — In h,
Se=-erfc | — 4a

2f[ o V3 ] (4a)
or

h=h, exp [erfc’l (2 S.) U\/E] (4b)

where In(4,) and o denote the mean and S.D. of In(h),
respectively.

The relative hydraulic conductivity, K, (0, 1), can be writ-
ten in terms of pore-size distribution of soil, as follows
(Mualem (1976):

5. 1 ds ’
_ os |%h €
K.(h) = S Y ®)
J-OZ dSe

where Y is the Young-Laplace constant described above.

The unsaturated hydraulic conductivity function can be
obtained (Kosugi et al., 2002) by introducing / of Eq.(4) into
Eq.(5):

K(Se) =K, Kr(Se)
_ 05 J 1 -1 o]\
= K, S, {2 erfc [erfc (2S.)+ \/5}} (6)

Development of a Saturated Hydraulic
Conductivity Model: K gev

Under full saturation condition, K can be obtained from
the Darcy (1856) law as follows:
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L
N @)

where ¢ (LT™") is the average water flux, AH is the total hydrau-
lic head (L), L (L) is the path length in the direction of the flow.

An alternative model to quantify the flow rate into the soil
is based on the representation of the porous medium as a bundle
of parallel nonintersecting capillary tubes. The volumetric flow
rate, Q; (L3 T 1), in each capillary tube of radius R; is calculated
through Hagen-Poiseuille equation (Bear, 1972):

AH

K

i, =C R 8
o ™ L ®)
with
_1 reg
8 n

where, for water at 20°C, p,, = 0.998 g cm ™ density of wa-
ter, g = 980.66 cm s~ is the acceleration caused by gravity;
7=0.0102 g cm™" sec™! is the dynamic viscosity of water,
where C is a constant equal to 1.03663 x 10° cm d™'; AHIL .
(L L") represents the gradient of the total hydraulic head be-
tween the two ends of the capillary tube; and L, (cm) is the
effective twisted path length of the ith capillary tube over which
the fluid travels so L >L.

The total flux density through the column, when all the
tubes are filled, is the sum of the flux densities passing through
each pore size class. Let N; be the number of capillary tubes
having a radius R,. Therefore, the specific flux of water, ¢
(L T is defined as the volumetric discharge per unit cross-
sectional area (4) and can be expressed as:

A
I AH
=C Y— m 7R )

where [ is the total number of class R; in the bundle and where
n; = Ni/A4 is the number of capillary tubes per unit area in each
class.

K is computed by introducing ¢ given by Eq.(9) into Eq.(7):

I L
Ki=C Y —m 7R} (10)
i=1Lr;
The change of soil moisture A6; (L* L) when n; capillary
tubes of cross-sectional area T R% drain is computed for each
pore size class i by:

Af; = AS,; (6,-6,) (11)

or

AG,»:n,» e R12

We introduced a tortuosity model into the K model. Fatt
and Dykstra (1951) proposed the following equation written
with our terminology:

L, =Lt R ™ (12)
or

L R

L 7

where 7, 75 [-] are optimized tortuosity parameters that were
taken from Eq.(11) and Eq.(12) of Fatt and Dykstra (1951) for
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which the constant a is substituted for 7; and the exponent b
is substituted for 75.

Isolating n; of Eq.(11), and substituting it into Eq.(10) and
introducing L/ L:, (Eq.(12)) into Eq.(10) gives:

I —
K,=— C (6,~6,) SR ™ AS,, (13)
i

or

1
Kv: Tl C (as_er) ZRITZ AS@J

where 7, is a tortuosity parameter that adjusts the shape of
the capillary tube such that 7, =2 - 7, with 0 < 7, <2. When
75 = 0, the capillary tube is perfectly cylindrical, whereas when
2 > 75> 0, the tube changes into the “actual” shape. The tortu-
osity of the tubes with the radius R; defined by L/L.,should
be smaller than 1. Therefore, because R < 1, then 7 >
land 7 < 1 since 7y = (7y/) .

Vervoort and Cattle (2003) state that in high-porosity me-
dia, the large effective pores tend to be more connected than
the smaller effectives pores. Thus, smaller effective pores
should have a smaller connectivity than larger effective pores.
Therefore, we introduce another tortuosity parameter 75 to the
power of (6; - 6,) as in many empirical K; models (e.g.,
Messing, 1989; Mishra and Parker, 1990; Han et al., 2008).
The K model is then written as:

1
Ks: 1 C (0570;’)/_3 ZRTz AS&’,' (14)

where 75 is a fitting parameter, such that (6,-6,) > (0;@)73
hence 73 2 1, to take into account a reduction of K caused by
reduced connectivity of smaller pores.

Isolating R of Eq.(2b) and substituting it into Eq.(14) and
writing the equation into a continuous derivative form give the
developed K_4ey model:

Ksidev =T C (as_‘gr)r3 Rm‘-2 .[(1)

2

! ds, (152)

exp |erfc (2 S.) oV2

Or likewise isolating / of Eq.(2b) and substituting it into Eq.
(14) by using the Young-Laplace capillary equation to relate R
with 4 and writing the equation into a continuous derivative
form gives the developed K;_ 4.y model:

Y\"
Ks_dev =T C (0s_0r) " (l’l—>
m

]

1
J 1 ds,
0 exp {erfc_l(Z Se) ()'\/5]

(15b)

In summary, the three tortuosity parameters of the K; model in
Eq.(15): 71 €, 1), T2 € (0, 2), and 75 € (1, 10), will be op-
timized for different soil types found in two large databases de-
scribed below.
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Modified Mishra and Parker Saturated Hydraulic
Conductivity Model: K mish

Mishra and Parker (1990) proposed a K, model that is
computed from knowledge of the van Genuchten (1980) soil hy-
draulic parameters. We have adjusted the Mishra and Parker
(1990) K model so as it can account for the Kosugi (1996) soil
hydraulic parameters. An integral formulation of the unsatu-
rated hydraulic conductivity of Mualem (1976) and Mualem
and Dagan (1978) can be described following Mishra and
Parker (1990) as:

2
K(S) = 71 C (00, /5, [féﬂ% dse} (16)

where 7 is a tortuosity parameter for which Corey (1979) gives
avalue of 2/5. Nevertheless, in this study, 7 is taken as a fitting
parameter.

Isolating 4 of the characteristic curve (Eq.(4b)), introduc-
ing it into Eq.(16), and considering the specific case of saturated
conditions (S, = 1) give the modified Mishra and Parker K mish
model:

Ks_mish =T C (as_er)S/z

2
R\ IS ! ds, (17a)
exp [erfcfl(z S.) oV2
or
Ko misn=71C(6,-6,)>
2
ds.| (17b)

v\’ 1
(E) g exp {erfcﬁl(2 Se) U\/ﬂ

We highlight (as shown in Table 1) that K ;s is similar to
K gev- The major difference is because the exponent 7, of

TABLE 2. Feasible Range of the Parameters of the K; Models
and the Predictive o, Model

Model Equation Parameters Minimum Maximum
Ks Eq.(15) and Eq.(17) 7 0.1 1.0
Eq.(15) ) 0.1 1.9
T3 1.0 10.0
a, Eq.(18) Py 0.1 1.0
Pso 0.1 1.0

K _gey 1s inside the integral, whereas the “7,” = 2 of K migh 1S
outside the integral. The K 4o, has three fitting parameters,
whereas K nisn has only one. The feasible range of the pa-
rameters of the two models is summarized in Table 2.

Reducing the Feasible Parameter Space of o

To reduce the feasible parameter space of g, we exploit the
finding of Hayashi et al. (2006) who found a correlation be-
tween R, and o for forest soils (high porosity). Nevertheless,
Hayashi et al. (2006) did not verify their relationship for other
soils. To verify this relationship for contrasting soils, we plotted
in Fig. 1 the relationship between log;o R, and o. The R, and o
Kosugi parameters values are obtained from 73 soil data sets,
which will be described later. Figure 1 clearly shows that there
is a negative linear correlation between log;y R, and o with
R?=0.63. Thus, the tendency is that the larger median pore size
(Rm), which is representative of coarse structure soils, is related
to the smaller standard distribution (dispersion) of the pore size
o. This behavior can be explained by the fact that when R, is
large, the soil tends to be composed of a single-grained struc-
ture (monodisperse) and thus o tends to be small. Conversely,
when R, is reduced, which is representative of finer material
(characterized by a more tortuous structure (Fatt and Dykstra,
1951; also refer to Eq.(12)), then the soil structure is aggregated
and the soil is mostly composed of an array of grain sizes (poly-
disperse) and, therefore, o has a larger dispersion. To reduce the

TABLE 1. Summary of Models Tested in This Work

Model Equation Parameter
. 1 1 &
Kidgew=11 C (6=6,) © Ry ™ Io{exp e 12 5) a@} ds, Eq.(15) 3
1 2
Ko =71 € (0207 e (Jé explerfc (2 S.) ov2] dSE) e 1
0, = Py {Ln (%)—1] Por Eq.(18) 2
)
Ky dew, =71 C (6,=6,) ° R, ™ [} ! ds, Ea.(19) 5

exp [erfc’l(ZSe) Poi [Ln (é)—l} Pozﬁ}

The feasible ranges of the related parameters are presented in Table 2.

K;_gev: the developed K model; K pish: the modified Mishra and Parker K model; o,: the predictive o-model; K_gey_o: the implementation of the

0, into K_gey-
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feasible parameter space of Kosugi parameters, we hereby pro-
pose the following equation based on Fig. 1, which links
predicted o (0,) with Ry;:

Y Por
o= ron o (L)

0, =Py (Inh,— 1) Po2

(18a)

or

(18b)

where P, and P, are two fitting parameters. Because 0 < o <
5and In h,, > 2.5, then P, and P, should be between 0 and 1.
The summary of the feasible range of the parameters is de-
scribed in Table 2.

Reducing the Feasible Parameter Space of K 4..:
Ks_dev_u

The K;_gev_o €xploits the relationship of Eq.(18) to reduce
the number of input Kosugi parameters from four (6, 6, 0, R,
or hy,) to three (6, 0y Ry, or hy,). The K 4oy o 1s computed by
inputting 0y,(hm) (Eq.(18)) into Eq.(15):

KS_dev_o =n C (asfar) & R, 2 .[(1)

T2

1
ds, (19a)

exp [erf c1(28,) Py 1 {ln (Rl) —I}P(,z ﬁ}

or

o

107 10 10 10 107 102
R [em]

FIG. 1. Linear relationship between the S.D. of log-transformed
matric potential head (o) and the parameter of pore-radius
distribution Ry, (logq scale).

© 2013 Lippincott Williams & Wilkins

- Y\ ™
Ks_dev_U =T C (05701‘) - (/’l_>

1 72
.[(1) {exp [erfc*1 (2 Se)P()'l [ln(hm)_l] Puy \/j] }

ds, (19b)

The optimal parameters 7y, 7, 73 are retrieved from K gey
model (Eq.(15)), and the parameters P, P, are taken from
0, (Eq.(18)). A summary of the different models is shown in
Table 1.

MATERIALS AND METHODS

Step 1: Criteria for Selecting Soils From the
UNSODA and HYPRES Databases

We selected 318 soil data from the UNSODA database
(Leij et al., 1999; Schaap and van Genuchten, 2006) and the
HYPRES (Wdsten et al., 1998, 1999; Lilly et al., 2008), providing
O(h) and K(6) measured data points, including measured values
for K and 6. In the case where 6, was not available, this param-
eter was calculated from knowledge of porosity, ¢, as follows:

6, = 0.95 ¢ (20)

where 0.95 was obtained through a linear regression analysis
(results not shown).

From the 318 soils, we selected 73 data sets that comply
with the selection criteria described in Table 3. The number of
soils selected after we performed the different filtering clearly
shows that criterion A is the most important to ensure the re-
quired standards of the data sets. The 73 selected data sets were
corrected so that if 6;(h) > 6, then 6, = 6;(h), and likewise if K;
(0) > K, then K = K;(6).

Step 2: Inverse Modeling

A robust global optimization algorithm AMALGAM written
in MATLAB (http://faculty.sites.uci.edu/jasper/sample/) (e.g.,
ter Braak and Vrugt, 2008; Vrugt and ter Braak, 2011) was used
to: (i) inversely estimate the Kosugi parameters from the ob-
served O(h) and K(6) data points; (ii) optimize the parameters
of the saturated hydraulic conductivity models (K;_gew Ks_dev_o»
K mish; Table 1); (iii) optimize the parameters of the regression
sigma model (0,). For each of these models, we required to
maximize the objective functions described below, which cor-
responds to minimize the distance between predicted and ob-
served values.

Inverting the Soil Hydraulic Parameters From the
Characteristic and Unsaturated Hydraulic
Conductivity Curves

The 6, hy,, and o parameters are optimized by maximizing
a weighted objective function (WOF), which is described below.
The feasible parameter space of these parameter sets is de-
scribed in Table 4. The WOF is composed of two objective
functions (OF): the first term, OF, is computed with observed
and predicted 6(h) values, and the second term, OF,, is calcu-
lated with observed and predicted K(6) values. To account for
the differences in magnitude between the two criteria, they are
normalized according to the Nash-Sutcliffe (1970) efficiency
(NSE) formulation such that the optimal minimum is reached
when the WOF is equal to 1. The Nash and Sutcliffe (1970)
WOF is described as:
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1
WOFZE OF} +§ OF, (21a)
with:
liNy 2
‘ [Hp(hhpﬁ)_eubs(h‘ﬂ
OFg= | 1-— 2
~ [aobs(hi)f 0obs(hz) ]
ik [ln K, (Se;, Px)—In K,,bs(Sei)] 2
j=1
OF, = 1- N 3
y {m Kops(Se;)—In Kobs(sei)}
j=1

(21b)

where the subscripts p and obs are predicted and observed, re-
spectively. The Py and Py, are the set of predicted parameters
(hm, O, Ry, 6,) of 6(h) and K(6), respectively. One is reminded
that 6, and K are directly obtained from the data; values for Ny
and Ng correspond to the total number of data pairs for (A, 6,)
and (Se;, K;), respectively. The 6, and K, are described through
Eq.(4) and Eq.(6), respectively. The log transformation of OFy
puts relatively more weight on the lower K(6) and therefore
minimizes the bias toward high conductivity (e.g., Van
Genuchten et al., 1991). Also the log transformation takes into
account that the uncertainties in measuring the unsaturated hy-
draulic conductivity increases as K(6) increases. It is to be noted
that the global optimizer obtains better results when the natural
logarithm transformation (In) is used instead of the decimal log-
arithm transformation (log;o) of K(6). This is because, for the
computation of OFy, the natural log is more sensitive than the
logo.

The usage of Nash and Sutcliffe (1970) objective function
enables us to reject nonbehavioral soils, that is, soils that do not
comply with the 6(h) and K(6) Kosugi model. Thus, soils were
also rejected on the premise that OFy < 0.1 or OFg < 0.1 so that
only 73 suitable soil data sets were retained to parameterize the
K models (Table 3).

Inverting the Parameters of the Saturated Hydraulic
Conductivity Models

The “physical” feasible range of the fitting parameters of
the K_gev (Eq.(15)) and K mish (Eq.(17)) models are provided
in Table 2. The parameters are optimized by maximizing the ob-
jective function OFy of Nash and Sutcliffe (1970):

J=Nis 2
Z [ln Ks_dev(Pks)_ln Ks_obs]
A

J=Nis - q2
Z In Ks_obs_ In Ks_obs :|
j=1

OF, ks_dev —

(22a)

J=Nis )
Z. [ln Ks_mish ( Pks)ilrl Ks_obs]
- (22b)

J=Nis 2

Z [ln Ks_abs_ In Ks_obs :|
j=1

OF, ks_mish —

where Py, is the vector of the unknown parameters of the K_gey
(ie., (7, 7>, 73) and 7 for K misn; Ks obs 1S Observed satu-
rated hydraulic; Ny is the number of K, measured data).

Inverting the Parameters of the (R, and o)
Regression Model

The feasible range of the fitting parameters of the o model
described in Eq.(18) is provided in Table 2. The optimization of
the parameters for the o' model is performed by maximizing the
Nash and Sutcliffe (1970) objective function, which is com-
puted as:

i=N, 2
= [Up(p(f)_a]

OF, = |1- o 5 (23)
> {()'—(7]

i=1

where P, is the vector of unknown parameters (F,; and P,,) of
the regression sigma model; 0, and o (cm) are predicted and fit-
ted o (by maximizing WOF) parameters respectively; N, is the
number of samples.

Uncertainties in Saturated Hydraulic Conductivity
Measurements

Estimating the uncertainties embedded in the measurement
of K, is challenging because K, is highly variable (e.g.,
Mohanty et al., 1994a; Upchurch et al., 1988 ; Suwardji and
Eberbach, 1998; Bormann and Klaassen, 2008) and is also scale
dependent (e.g., Mallants et al., 1997; Sobieraj et al., 2004; Das
Gupta et al., 2006). In addition, the K value is specially depen-
dent on the measurement method used, as shown by Mohanty
et al. (1994b) and Fodor et al. (2011) who evaluated the

TABLE 3. Criteria for the Selection of Soils From the UNSODA and HYPRES Databases

Description n

A In soils, the effective water-filled pore sizes decrease with desaturation. Therefore, the measured 6(%) and K(6) can only strictly 138
decrease as the capillary suction increases (Peters et al., 2011). Exception is given for the first two points near saturation.

B Soils with at least 6 6(7) and 6 K(6) data points. 271
C Soils that have at least one data point near saturation such that S, 2 0.7 and K, (k) 2 0.7 301
D  Soils in which 0.3 < 6,<0.8 m®> m™> 304
E ANBNCND 88
F  Soils matching E and with OFy > 0.1 and OFg > 0.1 after inverse modeling 73

Where OFy and OF are the Nash and Sutcliffe (1970) objective functions for 6(h), K(6), respectively, and described in Eq.(21), where 7 is the

number of soils.
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TABLE 4. Typical Feasible Range of the Optimized Parameters
of the Kosugi Model Described in Eq.(4) and Eq.(6) That Was
Used for Optimization

0, m’ m> logio /i, cm  logyo Ry, cm 0, cm
Minimum 0 1.1 -6.5 0.7
Maximum 0.25 6 -2 5

Where Ay, and R,, are linked through the Young-Laplace capillary
equation.

measurement errors by applying different methods (double ring,
Guelph, velocity, tension disc, and mini disc infiltrometers and
other laboratory methods). Fodor et al. (2011) found that the
errors in measuring K are estimated to be £1 x 10" em d 7%
On the other hand, Minasny and Field (2005) assessed the errors
of deriving K from laboratory experiments (like the evapora-
tion method) combined with the generalized likelihood un-
certainty estimation (GLUE) inverse procedure for estimating
K(0) and 6(h), and they found that the uncertainties are approx-
imately £1 x 10'° cm d™". Moreover, to take the uncertainties
associated to the scale effect into account, as well as the spatial
and temporal variability of K, we assumed that the errors in
obtaining K could be of the order of £1 x 10" cm d 7%, a value
to which we will refer to evaluate the goodness of our devel-
oped K model.

It is interesting to note that, although there are large
uncertainties in measuring K because it is retrieved indirectly
through the Darcy law, that K is also the least sensitive soil pa-
rameter when inverted (e.g., Ines and Droogers, 2002; Beydoun
and Lehmann, 2006; Pollacco et al., 2008; Pollacco and
Mohanty, 2012). Furthermore, Pollacco et al. (2008) showed
that if K contains uncertainty, then the other parameters of
the O(h) would be adjusted during the optimization to correct
for the modeled K without greatly influencing the computation
of the water fluxes (Pollacco and Mohanty, 2012).

RESULTS

Optimized Hydraulic Parameters

The UNSODA and HYPRES soil databases were filtered
with the rules described in Table 3 and from the resulting 73
data sets; the Kosugi hydraulic parameters (6, A, and o) were
optimized by maximizing WOF (Eq.(21)). The descriptive sta-
tistics of the optimized hydraulic parameters as well as of the
measured 6; and K; parameters (obtained directly from the
databases) are summarized in Table 5. Although only 73 soils
remained after the previously mentioned filtering phase, we ob-
served that the ranges of the hydraulic parameters of the 73 soils

are representative of all soil textures and therefore very effective
for our evaluations.

The statistical information of the optimization process de-
scribed in Table 6 shows an overall good agreement between
observed and fitted A(h) and K(6) points. As expected, the fitting
of 6(h) represented by OFy (Eq.(21)) is better than the fitting of
the log-transformed K(6) described by OF, (Eq.(21)). These fits
allow the optimization of o. The values of K s were directly
derived from the measured values available in the database.
The values of o and K s are then considered as observed ex-
perimental data to be modeled with the proposed models de-
scribed in Table 1. Moreover, statistical analyses show that the
probability distribution of K ,»s values follows a lognormal
distribution (data not shown).

Results of the Sigma Model

In this section, we model the relationship o,(R.,) (Eq.(18))
between the average pore radius, R, and the pore radius S.D. o
by maximizing OF, (Eq.(23)) with respect to the two
parameters P, and P,,. The fit between observed o and
predicted o, is portrayed in Fig. 2A, and the descriptive statis-
tics of the performance of ¢, are described in Table 7. Figure 2A
and Table 7 show that ¢;, has an acceptable performance, with
root mean square errors (RMSE) = 0.45 and NSE = 0.44. In ad-
dition, the model can be considered valid because there is no ev-
ident correlation between the model errors, E,, and the predicted
values (Fig. 2B).

To compute the 95% confidence interval of o, (CLos), we
need to determine the type of distributions the residuals of the
model, E,, obey. This is performed by plotting the probability
plots of E; described by the histograms in Fig. 2C, which sug-
gest a normal distribution. This is further confirmed by the
Kolmogorov-Smirnov tests ((KST) in Table 7), which attest that
the hypothesis of normality cannot be rejected (critical probabil-
ity KST > 5%). In addition, the residual E; exhibits mean values
close to zero (mean in Table 7). Thus, the residuals of o, are
normally distributed, and CLys interval can be safely computed
as approximately twice the S.D. of E; (Table 7), which is used
to define the uncertainty bands of the proposed sigma model
(Fig. 2A). When performing inverse modeling, the feasible
range of o, summarized in Table 10, depends on the value of
hy and on the CLos. Thus, o= 0gp(hy,) = 0.89.

Results of the Saturated Hydraulic Conductivity
Models

The observed K obs is plotted against K mish, Ks dew
K 4ev_o in Fig. 3A, B, C, respectively. The optimal tortuosity
parameters 7, T, 73 of K 4oy and 7y of the K n,isn models
are optimized by maximizing OF, (Eq.(22)). The optimal 7,
7,, 73 values, descriptive statistics of the models, and their

TABLE 5. Descriptive Statistics of the Selected (Table 3) Optimized 6;, hy,, and o Kosugi Parameters

6, m>m > 6, m>m> logg Ay, cm logo Ry, cm o, cm logo K, cm da!
Minimum 0.32 0.00 1.24 -6.24 0.80 0.19
Maximum 0.71 0.25 5.41 -2.07 3.99 4.62
Mean 0.47 0.11 2.66 -3.49 2.06 3.22
S.D. 0.09 0.08 0.84 0.84 0.73 0.78

The 6, and K values were directly obtained from the data set. The parameters /,,, and R, are linked through the Young-Laplace capillary equation.
The maximum value of 6, was obtained from Table 4. This table shows that the selected soils cover practically the full soil spectrum.
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TABLE 6. Statistical Information on the Selected (Table 3)
Observed and Fitted 6(h) and K(6) by Using the Objective
Function Described in Eq.(21)

TABLE 7. Optimal Parameters of g, (Eq.(18))

Omod
1 A6l I ALogio k@1 Pt 0.5920
P, 0.7679
NSE 0.92 0.70 NSE 044
RMSE 0.023 0.61 RMSE 0446
Bias 0.018 0.47 R? 0.624
SD_BIAS 0.008 0.60 Bias 036
Where NSE is the Nash-Sutcliffe (1970) efficiency, RMSE is the root Mean -31073
mean square error, and STD_BIAS is the S.D. of the bias. The results A 0.449
suggest that there is an excellent fit between observed and simulated 95% CI +0.89
6(h) and K(6). KST 0.89
Outliers 4

performance are provided in Table 8, which clearly shows
the ranking of the models based on the NSE coefficient, the
correlation coefficient (R?), RMSE, and bias. All these perfor-
mance measures show the same conclusions and enable us to
rank these models as follows: K gey (NSE = 0.71) > K 4oy o
(NSE = 0.53) > K mish (NSE = 0.39), and therefore, K gey
outperforms K m;sh. This is mainly because K gey has two ex-
tra degrees of freedom compared with K mish. It would have
been expected that the implementation of o, model (Eq.(18))

Where NSE is the Nash-Sutcliffe (1970) efficiency coefficient;
RMSE is the root mean square error; R is the coefficient of determina-
tion; Bias is the bias; Outliers are the number of data points that differ
significantly from model predictions. The following statistics are based
on the modeled residuals (£;) computed as the differences between
predicted data and observations: KST is the critical probability for
Kolmogorov-Smirnov tests test of normality; o is the S.D.; 95% CI is
the 95% confidence interval by assuming the errors are lognormal
distributed.
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FIG. 2. A, Predicted variance of the log-transformed soil pore radius g, (Eq.(18)) with the optimized o (Eq.(23)), where the dotted lines
represent the 95% CI. B, Predicted values, oy, as a function of residuals (k). C, Statistic distribution of residuals (bars) and normal

distribution (line).
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FIG. 3. Uncertainty bands related to the 95% Cl for (A) the
Ks_mish, (B) the proposed K; gey, and (C) the K gev o models.

into K gev (Ks_dev_ o3 EQ.(19)), which reduces one degree of
freedom, would have drastically deteriorated the predictions.
Nonetheless, Fig. 3B, C shows that K_gey and K gey o are well
aligned to the line 1:1, defining a “cloud of points” within the
confidence intervals (described later), with less than two out-
liers. The proposed implementation of ¢, into the K; model
can be considered as efficient because K _gey o leads to a reduc-
tion of the degree of freedom without reducing significantly the
accuracy of the model.

Analysis of residuals with regard to the predictions assists
in detecting model structural errors. Good models must ensure
that the residuals have no correlation with either observed or
predicted values. The residuals of the K; models are computed
as follows:

Er = loglo Ks_pilog KS_ObS (24)

where K , and K o are predicted and observed values, re-
spectively. For the K mish, Ks_dew Ks_dev_o models, E, is plotted
versus predicted values in Fig. 4B, D, F, respectively. All the de-
veloped models, except K mish model, show clearly that £, and
the predicted values are uncorrelated, which suggests that the
developed models contain no evident structural errors. In con-
trast, K misn exhibits a clear linear dependency of E, with
predicted values with an underestimation for low hydraulic

© 2013 Lippincott Williams & Wilkins

conductivities and an overestimation of high hydraulic conduc-
tivities (Fig. 4B). This clearly demonstrates the inadequacy of
stmish in Compaﬁson with stdev’ stdevf(r This may be be-
cause K mish lacks degree of freedom compared with the other
models.

The probability plots of £, show normal distribution
(Fig. 4A, C, E). This is confirmed by the KST (in Table 8) that
show that the critical probabilities are higher than the threshold
of 5%. Furthermore, the residual E, are centered, with means
close to zero (Mean in Table 8). Clearly, the three models obey
a lognormal distribution. Therefore, the 95% confidence in-
tervals for the K; models (95% CI), which define the uncertainty
bands of the models, are computed as approximately twice
the S.D. and depicted in Fig. 3A to C. Values for S.D. and
95% CI are detailed in Table 8 and show K ey (95% CI 10*
08%) < Ky dev o (95% CI 10°"9%) < K i (95% CI 107"%3).
Thus, the range of confidence intervals of K gey and K gev o
lies well within the ranges of the uncertainties related to Kj
measurement methods from the field/laboratory that are in
the order of log;o K = 10"® cm d™'. In contrast, for K mishs
95% CI is wider, leading to a less accurate prediction of satu-
rated hydraulic conductivity (Fig. 4A).

Thus, when performing inverse modeling, the minimum
and maximum values of K_ge,, summarized in Table 10, depend
on the value of 6, 6, h,,, and o and on 95% CI of the K 4\,
which is 10*%%. To visualize the reduction of the feasible pa-
rameter space (Table 5), we plot in Fig. 5 the feasible parameter
space of K;, which is in between the upper and lower limits of
10+1:08 K gev o Figure 5 clearly shows that the usage of K gev o
reduces dramatically the feasible parameter space of K.

TABLE 8. Optimal Parameters of the Saturated Hydraulic
Conductivity Models Described in Table 1

Ks,dev Ks,mish stdev _o
1 0.761 1.083 0.761
7'2 1.022 2.000 1.022
7'3 5.072 2.500 5.072
P, — — 0.592
P, — — 0.768
NSE 0.71 0.39 0.53
RMSE 0.42 0.61 0.54
R? 0.71 0.39 0.53
Bias 0.35 0.50 0.43
Mean 5.86 10712 -226 10712 1.82 10712
o, 0.42 0.62 0.54
95% CI +0.85 +1.23 +1.08
KST 0.68 0.77 0.82
Outliers 2 2 2

The statistical information of the different models is provided for
logyo K. Where NSE is the Nash-Sutcliffe (1970) efficiency coefficient;
RMSE is the root mean square error; R? is the coefficient of determina-
tion; Outliers are the number of data points that differ significantly from
model predictions. The following statistics are based on the modeled
residuals (E;) computed as the differences between predicted data and
observations: KST is the critical probability for Kolmogorov-Smirnov
tests of normality; o is the S.D.; 95% CI is the 95% confidence interval
by assuming that the errors are lognormal distributed. The optimal
parameters are well within the feasible range described in Table 2.
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Sensitivity Analysis and Physical Interpretation of the
Tortuosity Parameters of the Developed K; Model

To establish if K gy i not overparameterized and to deter-
mine the sensitivity of 7, 7, 73, we carried out a sensitivity
analysis described in Table 9. In the sensitivity analysis, one pa-
rameter is “removed” in turns and the remaining two parameters
are optimized. The sensitivity of the parameters is proportional
to how much the results deteriorate (detailed in difference in ac-
curacy A) when the parameter in question is not used compared
with optimizing all the parameters (Step A of Table 9).

The results shown in Table 9 suggest that 7y, 7, 73 are
highly sensitive (ANSEqq;0 < —0.2) especially for the tortuosity
factor 7, of Fatt and Dykstra (1951), with ANSE;,4190 < —3.8
and not 7, as it may be expected, which corrects for the slope
of the curve. Table 9 suggests that the most sensitive parameters
in increasing order are 7, followed by 7 and 75. Thus, further
simplification of the model would considerably deteriorate the
predictability of the K _ge.-

These results shed light to why K nisn gives poorer results
compared with K ge, This is because K mish has only one de-
gree of freedom, which is 7. Nevertheless, this study shows
that 7, is a more sensitive parameter. Furthermore, this explains
why there is a linear correlation between E, and K s, Which
shows that K s structure is not wrong but that K e i8
underparameterized.
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FIG. 5. Three-dimensional plot showing that the feasible range
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TABLE 9. Sensitivity Analysis of the Parameters 7y, 7, and 13 of K; g4ey by Determining the Decrease of Accuracy (A) When the
Parameter in Question Is Not Used Compared With A Where All the Parameters Are Optimized

T1 D) T3 NSE|0g]0 RMSE|0g10 Bias log10 A NSE|0g]0 A RMSE|0g10 A Biaslogm
A 0.761 1.022 5.072 0.71 0.42 0.35 — — —
B 1.00 0.983 7.177 0.47 0.57 0.47 -0.24 —0.15 —0.11
C 0.464 2.00 1.01 —4.53 1.85 1.35 -3.82 —1.43 —1.05
D 0.549 1.201 1.00 0.50 0.56 0.45 -0.21 -0.14 —0.11

Where NSE is the Nash-Sutcliffe (1970) efficiency and RMSE is the root mean square error.
The results show that the most sensitive parameters in the increasing order is 7,, followed by 7 and 7.

Table 8 shows that for K gev, K dev o the tortuosity
parameters 7, T, 73 are well within the physical limits recorded
in Table 2. Therefore, this study complies with that of Fatt and
Dykstra (1951), which states that liquid flowing in the crevices
and small pores will travel a more tortuous path than liquid
flowing through the large pores. Our results are also in agree-
ment with those of Vervoort and Cattle (2003), which state that,
in high-porosity media, the large effective pores tend to be more
connected than the smaller effective pores. Thus, we can attri-
bute a physical interpretation to the 7y, 7, 73 parameters.

CONCLUSIONS

An increasingly attractive cost-efficient alternative is to de-
rive the effective hydraulic parameters by inverting the Richards
equation that governs water flow in unsaturated soil. Neverthe-
less, relatively large uncertainties can occur when predicting
water fluxes because of nonuniqueness of the inverted hydraulic
parameters. We proposed an algorithm to reduce the nonunique-
ness of the inverted hydraulic parameters.

Traditionally, the minimum and maximum ranges for each
individual parameter are provided before an inverse modeling
exercise (e.g., Table 4). Nevertheless, this traditional method

has the disadvantage that it includes nonphysical parameter com-
bination sets. We therefore propose methods to narrow down the
feasible range by developing algorithms to preclude nonphysical
combinations of hydraulic parameters.

We selected the Kosugi model, which describes the water
retention and the hydraulic conductivity relationships, because
there is a negative linear correlation between two of its pa-
rameters (4, and 0), and therefore, enabling it to reduce the fea-
sible parameter space. To further reduce the feasible parameter
space, we developed two physically based models to predict sat-
urated hydraulic conductivity from four or three parameters de-
scribing the Kosugi characteristic curve.

The proposed saturated hydraulic conductivity model is
developed by modifying the approach of Childs and Collis-
George (1950) by estimating the soil water flux through a con-
tinuous function of the pore-size distribution of Kosugi
(1996). We combined the Hagen-Poiseuille equation with the
Darcy law and introduced constant empirical universal tortu-
osity parameters of Fatt and Dykstra (1951) and incorporated
another tortuosity parameter to take into account that high-
porosity media tend to be more connected and should have a
lower tortuosity (Vervoort and Cattle, 2003). The Kosugi soil
hydraulic parameters were calibrated by selecting 73 water

TABLE 10. Summary of the Feasible Parameter Space of the Kosugi Hydraulic Parameters That Is Reduced Dynamically for o and

K;, Where C=1.03663 x 10° cm d™

Minimum o, m m3 0.32
o, m’> m™> 0.00
hm cm 17
% cm 0.592 (Ln h,, — 1) *7%7° —0.89
1.022
1.022 1
Ksﬁdcv cm d71 0.761 C (05—0’”)5.072 (%) J(l) 1 dSe
" exp |erfc (2 S.) (I\/E}
10(185
Maximum o, m> m™3 0.71
0, m’m3 0.25
By cm 2.57 10°
o, cm 0.592 (Ln h,, — 1) 77 + 0.89
1.022
1.022 1
Ks_dev cm d71 0761 C (03_0'”) 5072 (%) J(l) dSe 100'85

exp {erfc_l(Z S,) oV2

The feasible range of 6, 6, and &, is obtained from Table 5.
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retention and unsaturated curves data sets from the UNSODA
and HYPRES database, which also contain measured saturated
hydraulic conductivity and saturated soil moisture.

The developed saturated hydraulic conductivity model
(Ks_dev) has shown good performance with an NSE of 0.71. Be-
cause no correlation was obtained between residuals and ob-
served saturated hydraulic conductivity, we suggest that the
developed model has no obvious structural errors. A sensi-
tivity analysis was performed with the three fitting tortuosity
parameters, and it was found that all the parameters are neces-
sary to give good performance and their optimal values were
found to comply with the soil physics theory. The developed
saturated hydraulic conductivity model errors were found to
be log-normally distributed, with the 95% CI of K being +
1 x 10%% c¢m d', which is in the same order of magnitude
of field and/or laboratory K measurements. The proposed satu-
rated hydraulic conductivity model was compared with the mo-
dified saturated hydraulic conductivity of Mishra and Parker
(1990) model (K misn), such that it uses the Kosugi (1996)
parameters instead of the van Genuchten (1980) hydraulic
parameters. We found that the developed saturated hydraulic
conductivity model outperforms K mish-

To further reduce the nonuniqueness, we built a second mo-
del (K gev o), Which exploits the correlation between logo /i,
and o and found a reasonable relationship. We introduced the
o model into the saturated hydraulic conductivity models,
K _gev and found that it leads to estimate quasi as good as the
original model. The proposed K _4ev  can be considered parsi-
monious because it leads to a reduction of the degree of free-
dom without reducing significantly the accuracy of the model.
A summary of the developed model with the dynamic feasible
range of its parameters is provided in Table 10.

The reduction in uncertainties of the forwarded water flux
by using the proposed methodology of restraining the feasible
parameter space dynamically, summarized in Table 1, should
be assessed. Without considering the scale issues, this can be
performed with precise weighing lysimeters for which the storage
and water fluxes are measured (e.g., drainage and evapotranspira-
tion) (e.g., Abbaspour et al., 1999; Kosugi and Katsuyama, 2001,
2004; Scanlon et al., 2005; Durner et al., 2008). Different
experiments should be performed under contrasting hydroclimate
conditions because Pollacco and Mohanty (2012) showed that
the sensitivity of hydrological parameters is highly dependent
on the hydroclimate.
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ABBREVIATIONS

6: soil moisture; 6(h): soil water retention functions; K(9):
hydraulic conductivity functions; K 4e,: developed saturated
hydraulic conductivity model that predicts K from four Kosugi
parameters (6, 6, hny,, and 0); K gev_o: proposed model that
predicts K from 3 Kosugi parameters (05, 0, and /,,); K mish:
modified model of Mishra and Parker (1990) that predicts K
from 4 Kosugi parameters (05, 6, /i, and 0); OF: objective
function; OF\: objective function of the fitted parameters of
the K models; OF ;: objective function of the fitted parameters
of the omodels; WOF: weighted objective functiono,,: predicts
o from £, Kosugi parameter.
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ABBREVIATIONS

Variables and symbols used in the study:

o: S.D. of log-transformed matric potential head (-);

0p: predicted value for o (-);

6 soil water content (L L%);

6 ,: residual water content (L L?;

6,: saturated water content (L L°);

A: unit cross-sectional area (L?);

H: total hydraulic head (L);

h: soil matric potential head (L);

hy, : median soil matric potential head (L);

K: soil hydraulic conductivity (L T ");

K.: relative hydraulic conductivity (-);

K: saturated hydraulic conductivity (L T™");

K _gev: developed model that predicts K from 6, 6, Ay,
and o;

K _dev_o: proposed model that predicts K from 6, 6, and A,,;

K misn: modified model of Mishra and Parker (1990) that
predicts K from 6, 6, hy,, and o}

K _ops: observed value for K (-);

L: path length in the direction of the flow (L);

71: macroscopic tortuosity-connectivity parameter (L L™");

T,: microscopic tortuosity-connectivity parameter to adjusts
the shape of the capillary tube (-);

T3: pore-connectivity parameter (-);

R: pore-radius (L);

R,,: pore radius distribution parameter (L);

S.: degree of saturation (-);

Y- Young-Laplace constant of the capillary equation (L?);

gq: water flux (LT );

O: water volumetric flow rate (L> T™);

C: constant in the Poiseuille equation 1.03663 x 10°cmd™;

P;: first fitting parameter of Eq.(18) (-);

P,;: second fitting parameter of Eq.(18) (-);

¢: soil porosity (L3 L)
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